Abstract-An electron beam traversing a slow wave structure can be used to either generate or amplify electromagnetic radiation through the interaction of the slow space charge wave on the beam with the slow wave structure modes. Here, a cylindrical waveguide with a periodic array of conducting loops is used for the slow wave structure. This paper considers operation as a backward wave oscillator. The dispersion properties of the structure are determined using a frequency-domain eigenmode solver. The interaction of the electron beam with the structure modes is investigated using a 2-D particle-in-cell (PIC) code. The operating frequency and growth rate dependence on beam energy and beam current are investigated using the PIC code and compared with analytic and scaling estimates where possible.
I. INTRODUCTION
T HE interaction of electromagnetic fields and charged particles is fundamental for both vacuum sources of electromagnetic radiation and for generation of high-energy charged particle beams in particle accelerators. While the former extracts power at a desired frequency from a charged particle beam and the latter puts power into the charged particle beam to accelerate it to high energy, both processes require that the interaction between the electromagnetic radiation and the charged particle beam be optimized. Effective acceleration, bunching, and deceleration of a charged particle beam by an electromagnetic field generally require that the particle velocity be synchronous with that of the phase velocity of the electromagnetic wave. To accomplish this, a slow wave structure is employed to slow down the phase velocity of the guided electromagnetic wave to be synchronous with the beam. Slow wave structures can take many forms, including disk-loaded [1] , rippled-wall [2] , helix [3] , and dielectric-loaded [4] - [6] structures, with each structure type having its own advantages and disadvantages. Recently, there has been growing interest in devices using photonic crystals [7] or metamaterials [8] , [9] , and slow wave devices employing these structures have been built [10] - [14] . Both photonic crystals and metamaterials offer the promise for more detailed control over the dispersion relation governing the interaction between the electromagnetic modes of the structure and the charged particle beam transported through it [15] , [16] , although this flexibility comes at the expense of introducing additional modes which may complicate the tuning of these structures [17] .
Photonic crystals, which employ periodic metal or dielectric structures generally spaced at distances comparable to the wavelength of interest, exhibit a number of properties making them particularly attractive for these devices. When designed to slow down the electromagnetic mode's phase velocity below the velocity of the driving electron beam, these structures allow generation of the Cerenkov radiation [18] , comparable to the radiation produced by an electron beam propagating through a dielectric-loaded waveguide. However, the periodic structure leads to the presence of photonic bandgaps, prohibited frequency bands in which waves do not propagate. These bandgaps force the dispersion curves to take on more complicated shapes than in simple dielectric-loaded waveguides, exhibiting regions of positive group velocity supporting TWT-like behavior, regions of negative group velocity supporting backward wave oscillator (BWO)-like behavior, and locations with zero group velocity analogous to high-Q open resonators. Because of their open geometry, photonic crystals could potentially be designed to contain only the electromagnetic mode desired for interaction with the beam, while allowing unwanted higher order modes to "leak" out of the structure and therefore degrade their interaction with the beam to prevent gain at unwanted frequencies. This property is also desirable for use in accelerating structures to reduce the presence of higher order modes, which may produce wake fields and degrade beam properties. Several such accelerating structures have been designed and built [19] , [20] . Photonic crystal-based light sources can also take advantage of the open structure by incorporating multiple beams driving adjacent regions of the structure, utilizing the coupling of the desired mode from the different regions to phase-lock the interaction [21] and provide an attractive path for efficient scaling of these devices to higher power. In addition, photonic crystals potentially have reduced susceptibility to electrical breakdown processes [22] . This is primarily due to the fact that they can be built largely from metal, eliminating the deposition of free surface charges that can lead to surface flashover [23] in dielectric-lined structures, which otherwise might require complicated structures to suppress [24] . Such discharges may damage the device or generate plasma that could expand [25] , [26] into the beam region and compromise the interaction between the beam and the slow wave structure [27] - [29] .
Here, we consider photonic crystal slow wave structures consisting of a periodic array of metal rings in a cylindrical waveguide, following the approach of [10] , where the device was configured as an oscillator. The cold dispersion relation is determined using an eigenmode solver, and the oscillator performance is investigated using a particle-in-cell (PIC) code. Generation and extraction of power at the design frequency and generation of higher order modes are considered. The performance of the device is studied as a function of beam current and energy.
II. THEORY AND SIMULATIONS

A. Slow Wave Structure and Dispersion Relation
The slow wave structure consists of a circular waveguide with an axial array of two concentric conducting rings of rectangular cross section along the waveguide axis as shown in Fig. 1 . For practical devices, a circular ring cross section would be used to reduce the probability of breakdown due to the sharp corners. The rectangular cross section of the rings were chosen rather than a circular cross section so that a simple orthogonal r −z mesh with modest mesh density could be used rather than a higher mesh density for circular cross-sectional rings for PIC simulations. This geometry constitutes a periodic structure with azimuthal symmetry, and consequently, the fields can be represented as a sum of Floquet harmonics with azimuthal mode number m = 0. The slow space charge wave of the electron beam can couple with the axisymmetric TM 0n modes of the slow wave structure through the axial electric field, E z , which can be expressed as
where
The dispersion properties of the structure are determined using the eigenmode solver in the COMSOL multiphysics [30] code. For this calculation, only a single unit cell is modeled over axial length d using periodic boundary conditions at the two axial boundaries. The dimensions used for the BWO are: Structure dispersion relation using exact eigenmode solver and approximate synthetic method [31] . (a) Three-term approximation. (b) Seven-term approximation.
and R b2 = 0.7 cm. These dimensions were chosen such that the device would operate in the X-band, between 7 and 8 GHz and potentially be easily fabricated. An alternative method for approximating the dispersion properties [31] for a periodic structure has been described, which determines N + 1 resonances of an N period structure when appropriately shorted. The complete dispersion relation is then determined from these discrete resonances in conjunction with Floquet's theorem to describe the structure modes. This method is particularly useful in experimentally determining the structure dispersion properties. Here, we again use the COMSOL eigenmode solver to determine the discrete resonances of a two-period and sixperiod appropriately shorted structure and approximate the full dispersion relation for the first three axisymmetric TM 0n modes using the synthetic procedure described [31] . Fig. 2 shows the dispersion properties for the first three axisymmetric TM 0n modes over one Brillouin zone calculated using both methods. A three-term (two period structure) approximation for the dispersion relation is accurate to better than 1.6% for the two lowest axisymmetric modes and 3% for the third axisymmetric mode, whereas the seven-term (six period structure) approximation is accurate to 0.03%, 0.24%, and 0.45% for the three lowest axisymmetric modes.
To determine the dispersive properties of the space charge waves, electron beam energies are allowed to range from 100 to 340 keV with beam currents up to 300 A. An annular electron beam with uniform number density is located between radii R b1 and R b2 . The beam, assumed to be cold, has axial velocity v 0 = βc and is guided by a large axial magnetic field so that the beam motion is longitudinal and cyclotron instabilities are unimportant. The dispersion properties for axisymmetric TM 0n modes of the space charge waves can be approximated by solving for the fields with the annular electron beam in a smooth walled cylindrical waveguide without the presence of the ring structures. Assuming a harmonic solution of the form e i(k z z−ωt ) , the defining equations for the axial electric field for TM 0n modes are given by
The beam resonance term is given by
Here, ω 2 b = q 2 n 0 /m 0 , γ = 1/(1 − β 2 ) 1/2 is the relativistic factor, q is the electron charge, n 0 is the beam number density, m is the electron mass, 0 is the permittivity of free space, and c is the speed of light. The solutions to (3)-(5) are given by
Since we are considering only axisymmetric TM 0n modes and there is no transverse beam motion due to the large axial magnetic field, the radial electric field can be determined from
Expressions for the radial electric fields are evaluated using (9)- (12) and are given by
Boundary conditions for the axial electric field and the radial electric displacement are then applied at the waveguide wall and the vacuum-beam interfaces, to determine the dispersion relation. The continuity of the axial electric fields at the transverse boundaries are given by
and similarly, boundary conditions for the continuity of radial electric displacement are given by
Equations (16)- (20) constitute a set of equations defined by where E constitutes the various electric field coefficients. Equation (21) has a nontrivial solution if
The matrix elements of D(ω, k z ) are given in
with all remaining matrix elements being zero. Equation (22) is a complicated transcendental equation in k z and ω, which can be solved numerically to determine the dispersion relation ω = ω(k z ). In addition, the values of E 1 -E 5 can be determined to within a constant from the null space of (21), which is used to evaluate the mode structure. Fig. 3 shows the dispersion properties of the structure for the first three axisymmetric TM 0n modes over one Brillouin zone along with fast and slow space charge waves for 150 and 340-keV electron beams at 300 A. In reality, the two concentric ring arrays will need to be supported by the circular waveguide enclosing the rings, and these supports will perturb the dispersion relation.
To consider this, a set of four dielectric supports with dielectric constant = 2 are used to support each pair of concentric rings and the perturbation of the lowest order axisymmetric TM mode is determined. The supports are the same axial thickness as that of the metal rings and are wedge-shaped, with each of the four supports subtending an angle of 10°as shown in Fig. 4 . Fig. 5 shows a comparison of the dispersion relation for the lowest order TM mode with and without the dielectric supports. The π mode frequency shifts from 8.07 GHz without the dielectric supports to 7.82 GHz with the dielectric supports as shown in Fig. 5 . Fig. 6 shows the axial electric field distribution halfway between two sets of rings at the π mode. It should be noted that in the case with the dielectric supports, this mode is no longer axisymmetric and is a superposition azimuthal modes 4m for m = 0, 1, 2, . . . . However, the field is predominantly m = 0 in the beam region with higher order azimuthal fields becoming more prominent at larger radii near the dielectric supports. For the 340-keV electron beam, the device operates near the π mode and for the 150-keV beam, the device operates near the 4π/3 mode. Fig. 7 shows the various field components for 6.8-GHz operation at the 4π/3 mode. As can be seen in Fig. 7 , the radial electric field is large between the waveguide wall and the outer ring as well as between the inner and outer rings. Similarly, the azimuthal magnetic field is also large in these regions, meaning that these radial locations will allow efficient coupling to an output coaxial structure. Fig. 8 shows the geometry used for PIC simulations. The parameters of the structure are the same as used in Fig. 1 using  25 pairs of rings. The overall axial length of the simulation was 60 cm, with a 10-cm-long, 0.8-cm-radius waveguide at the entrance and exit of the slow wave structure. The output power is extracted into an 8.7-coaxial transmission line located between the outer ring and the waveguide wall. The simulation utilized object oriented particle in cell (OOPIC) [32] in r − z geometry with mesh cell sizes of r = z = 0.25 mm and a time step of t = 0.5 ps. Potential higher mode parasitic oscillations were minimized by using an injected current pulse I b (t) with a continuous first derivative d I b /dt and a rise time of 1 ns as shown in Fig. 9 . Fig. 10 shows the radial electric field and spectra in the output coaxial structure. Peak microwave power of 7.3 MW at 6.94 GHz was achieved for a 150-keV, 100-A beam, yielding 48.6% efficiency. The modulation of the electric field is due to the onset of electron beam synchrotron oscillations as well as multiple reflections of the microwave field in the slow wave structure cavity. Figs. 11 and 12 show the evolution of longitudinal phase space Longitudinal phase space and beam current in linear regime at t = 7 ns. and beam bunching in the slow wave structure in the linear regime, t = 7 ns, and nonlinear saturated regime, t = 9 ns, respectively.
B. Oscillator Configuration and PIC Modeling
Differences in behavior are expected when operated near the π mode for a 340-keV electron beam. Fig. 13 shows the field and spectra in the output coaxial region. BWO performance is significantly impacted for this mode of operation due to operation near the π mode with large Q resulting in reduced output power being coupled to the coaxial structure. Only 345 kW of peak extracted power at 7.76 GHz is achieved in this case for a beam current of 100 A. Also apparent in Fig. 13 is the poor spectral quality of the output signal due to increased harmonic content and mode competition from the second axisymmetric mode near 10 GHz. be attributed to the fact that the fully coupled dispersion relation between the structure modes and the space charge waves is only estimated by the intersection of the slow space charge wave and the lowest order structure mode. Growth rate scaling as shown in Fig. 16 is consistent with the high-current Raman regime for 150-keV operation at the 4π/3 mode where the growth rate scales as the quarter power of the beam current, I 1/4 b0 . Observed scaling near the π mode in the high current regime is I 1/2 b0 . The larger growth rates near the π mode is possibly due to the higher Q associated with that mode for 340-keV operation. Fig. 17 shows approximately linear scaling of output power with beam current for the 150-keV case.
III. CONCLUSION
Here, we have demonstrated the operation of an electron beam driven photonic crystal BWO at the 4π/3 mode and near the π mode. Scaling relations have shown consistency with predicted frequencies with beam energy and current. However, despite the growth rate classical scaling with beam current as I 1/4 b for the Raman regime of operation at the 4π/3 mode, the growth rate near the π mode exhibited larger than expected scaling of I 1/2 b . Operation near the π mode is characterized by a small group velocity and large Q. π mode operation also features reduced output power compared with lower Q locations on the dispersion curve.
The primary reason for pursuing photonic crystal structures was to investigate methods of micromanaging the dispersive properties of the structure to optimize the interaction of the electron beam without resorting to the use of dielectrics, which are subject to charging and subsequent breakdown in a beam environment. However, this optimization will be subject to increasing the number of potential modes and thereby mode competition. Although this paper focuses on devices driven by long electron beam pulses, the difficulties associated with mode competition are more challenging when considering short bunches and bunch trains, which have larger spectral content [17] . Future work should be focused on understanding the importance of longitudinal mode control in the context of power extraction efficiency and estimating oscillator start currents.
